The X-ray light-curves of the recurring outbursts observed in low-mass X-ray binaries provide strong test beds for constraining (still) poorly understood disc-accretion processes. These light-curves act as a powerful diagnostic to probe the physics behind the mechanisms driving mass inflow and outflow in these binary systems. We have thus developed an innovative methodology, combining a foundation of Bayesian statistics, observed X-ray light-curves, and accretion disc theory. With this methodology, we characterize the angular-momentum (and mass) transport processes in an accretion disc, as well as the properties of the X-ray irradiation-heating that regulates the decay from outburst maximum in low-mass X-ray transients. We recently applied our methodology to the Galactic black-hole low-mass X-ray binary population, deriving from their lightcurves the first-ever quantitative measurements of the α-viscosity parameter in these systems (Tetarenko et al. 2018) . In this paper, we continue the study of these binaries, using Bayesian methods to investigate the X-ray irradiation of their discs during outbursts of strong accretion. We find that the predictions of the discinstability model, assuming a source of X-ray irradiation proportional to the central accretion rate throughout outburst, do not adequately describe the later stages of BH-LMXB outburst light-curves. We postulate that the complex and varied light-curve morphology observed across the population is evidence for irradiation that varies in time and space within the disc, throughout individual transient outbursts. Lastly, we demonstrate the robustness of our methodology, by accurately reproducing the synthetic model light-curves computed from numerical codes built to simulate accretion flows in binary systems.
INTRODUCTION
Throughout their lifetimes, many astrophysical objects (e.g. newborn stars, planets, black holes) grow and evolve by accumulating mass through a disc. For these objects to grow, matter must lose angular momentum to flow inward, and avoid being removed from the system via outflows. Among accreting astrophysical systems, low-mass X-ray binaries (LMXBs), in which compact objects (neutron stars and black holes) accrete from nearby, low-mass (M 2 1 M ) stars, provide us with strong test beds for constraining this poorly understood process of accretion.
So far, 18 confirmed (and ∼ 46 candidate) LMXBs har-E-mail: btetaren@ualberta.ca bouring stellar-mass black holes (BHs) have been identified through their bright X-ray outbursts, indicative of rapid accretion episodes, in our Galaxy (McClintock & Remillard 2006; Tetarenko et al. 2016; Negoro et al. 2017; Kawamuro et al. 2018; Kawase et al. 2018; Barthelmy et al. 2018, and refs therein) . All these systems are transient. They display long-term behaviour characterized by extended periods of time (typically years to decades) spent in a quiescent state, where the system is faint (L X ∼ 10 30 − 10 33 erg s −1 ) as a result of very little accretion occurring onto the compact object (e.g. Garcia et al. 2001) . These prolonged quiescent periods are interrupted by occasional bright disc-outbursts, typically lasting hundreds of days, during which the X-ray luminosity will increase by multiple orders of magnitude ( L X,peak ∼ 10 36 −10 39 erg s −1 ; Chen et al. 1997; Tetarenko et al. 2016) . Although less frequent, the recurring nature of outbursts observed in transient BH-LMXBs is reminiscent of the behaviour observed in dwarf novae (i.e. compact binary systems consisting of a white dwarf accreting from a lowmass companion; Warner 1995) . In dwarf novae, the mechanism behind such outbursts is well understood using the disc-instability model (DIM ; Osaki 1974; Meyer & MeyerHofmeister 1981; Smak 1983 Smak , 1984 Cannizzo et al. 1985; Cannizzo 1993; Huang & Wheeler 1989) , which predicts alternating periods of bright disc-outbursts, lasting days, and faint quiescence, lasting weeks. According to the DIM, this behaviour results from a thermal-viscous instability developing within the disc, causing it to cycle between a hot, ionized outburst state and a cool, neutral, quiescent state. The instability, triggered by the continuous accumulation of matter from the companion star eventually heating and subsequently ionizing the disc, causes a dramatic increase in the viscosity (i.e. the ability of the disc to move angular momentum outwards) of the disc. This increased viscosity results in a rapid in-fall of matter onto the compact object and a bright outburst in the optical and ultraviolet (UV) bands.
X-ray irradiation of the disc must be taken into account when describing transient outbursts of LMXBs. LMXBs have deeper potential wells and thus undergo brighter Xray, optical, and UV outbursts that last longer and recur less frequently (Tetarenko et al. 2016) , than most dwarf novae 1 . The majority of the UV, optical and infrared (IR) light emitted by the accretion discs in LMXBs comes from reprocessed X-rays. Here the inner regions of the accretion flow heat the outer disc (van Paradijs 1983; van Paradijs & McClintock 1994; . A major contributor to the thermal balance in the accretion flow, this X-ray irradiation keeps the disc in a hot, ionized state controlling most of the outburst decay towards quiescence. Consequently, the light-curve profile for an outburst of an irradiated disc will differ from that of a non-irradiated disc (King & Ritter 1998; Dubus et al. 2001) .
Taken as a whole, the multi-wavelength light-curves of the recurring outbursts in LMXBs encode within them key physical parameters describing how (and on what timescale) matter moves through, and is removed from, the discs in these systems. Thus, LMXB outburst light-curves offer a means in which to understand the mechanism behind the X-ray irradiation affecting these discs which still remains poorly understood (see Dubus et al. 1999 and references therein) . Accordingly, we have developed an innovative methodology, combining a foundation of Bayesian statistics, the observed X-ray light-curves, and accretion disc theory. With this methodology, we characterize the angularmomentum (and mass) transport processes in an accretion disc, as well as the properties of the X-ray irradiationheating that the discs are subject too.
In Tetarenko et al. (2018) (hereafter Paper I), we pre- sented the details of this methodology. By applying this approach to the BH-LMXB population, we were able to derive the first-ever measurements of the efficiency of the angularmomentum (and mass) transport process (parametrized via α-viscosity; Shakura & Sunyaev 1973) in the X-ray irradiated discs of LMXBs, directly from observations. In this paper, we continue our analysis of Galactic BH-LMXB discs with our methodology, studying the physical properties of the X-ray irradiation heating these discs. The outline of this paper is as follows. In Section 2 we describe how our model of the X-ray irradiation affects the accretion discs in LMXB systems and the Bayesian methodology we employ. Section 3 describes the application of our methodology to the BH-LMXB population of the Galaxy, including details behind the selection of our BH-LMXB source and outburst sample, and X-ray data collection, reduction, and analysis procedures. In Section 4, we present the results of fitting the X-ray light-curve profiles of our BH-LMXB outburst sample and the observational constraints that can be derived using these characterized light-curve profiles. In Section 5 we discuss what LMXB light-curve profiles can tell us about the structure and geometry of the irradiation source heating LMXB discs and how our observationally based methodology compares to the output of numerical disc codes. Lastly, Section 6 provides a summary of this work.
MODELLING THE X-RAY IRRADIATION AFFECTING LOW-MASS X-RAY BINARY DISCS

The Irradiation Prescription
X-ray irradiation from the inner accretion region is the dominant factor that determines the temperature over most of the accretion disc during outbursts of BH-LMXBs. The fraction of the X-ray flux that is intercepted and reprocessed in the outer disc is not well understood. Simple prescriptions based on the radial profile of the disc height lead to shadowing of the outer disc, suggesting part of the irradiation process may occur via a larger-sized scattering corona (Kim et al. 1999; Dubus et al. 1999) . We make use of the prescription used by Dubus et al. (2001) to model the lightcurves of X-ray irradiated BH-LMXB accretion discs,
Here, C irr is a constant encapsulating the information about the fraction of the bolometric accretion (mostly X-ray) luminosity (L bol = ηc 2 M c for radiative efficiency η) that is intercepted and reprocessed by the disc (i.e. it encapsulates the irradiation geometry, the X-ray albedo, the X-ray spectrum, etc.). Since the effective temperature of the disc is defined through
the ratio of the irradiation to effective temperatures is
where R S = 2GM/c 2 is the Schwarzschild radius, disc irradiation is important only in the outer disc regions (R > 10 3 R S for η = 0.1 and C irr ∼ 5 × 10 −3 , see below). Physically, C irr controls the overall outburst duration and sets a limit on the amount of mass that the black hole can accrete during the outburst. A larger value of C irr , corresponding to stronger irradiation in the outer disc, will increase the duration of the outburst and thus, the relative amount of matter that can be accreted during a given outburst. A larger C irr during outburst will also result in a more lengthy quiescent period following the outburst, as the disc will require more time to build up again.
The actual value C irr takes in accretion discs has been a matter of debate for decades. C irr (in the outer disc) has been previously measured in five BH-LMXBs (by modelling a combination of X-ray and optical data) and two persistently accreting (non-transient) neutron star LMXBs. In these cases, the authors assumed a vertically-isothermal disc and derived a disc opening angle and albedo from optical observations. For the BHs: Hynes et al. (2002) found C irr ∼ 7.4 × 10 −3 for XTE J1859+226; Suleimanov et al. (2008) estimated ∼ 7 × 10 −4 and 3 × 10 −4 for A0620−00 and GRS 1124−68, respectively; for XTE J1817−330, Gierliński et al. (2009) found C irr ∼ 1 × 10 −3 in the soft state and ∼ 6 × 10 −3 in the hard state (consistent with predictions of increased absorption of hard X-ray photons); and finally Lipunova & Malanchev (2017) constrain C irr < 6 × 10 −4 for 4U 1543−47. Vrtilek et al. (1990) and de Jong et al. (1996) model two persistent neutron star LMXBs, leading to the so-called "standard" value of C irr ∼ 5 × 10 −3 typically assumed in theoretical work. This value of C irr has also been shown to be consistent with the amount of X-ray heating required to stabilize persistent neutron star and transient BH LMXB systems against the thermal-viscous instability Coriat et al. 2012) . However, as we only have this limited sample of BH-LMXBs where C irr has actually been estimated, it remains unclear whether the same value would describe the outburst properties of discs across the Galactic BH-LMXB population. Moreover, it is also unknown how (or if) the value of C irr varies from source to source (e.g., with changing P orb or component masses (Esin et al. 2000b)) or even between outbursts of the same source (e.g. with changing peak outburst luminosity or outburst duration; Esin et al. 2000a ).
The Light-Curve Model
The outburst light-curve of an LMXB, as predicted by DIM+irradiation, involves a characteristic three-stage decay profile after the outburst peak (see King & Ritter 1998; Dubus et al. 2001) . The outburst decay begins with a viscous phase during which the X-ray irradiation from the inner accretion flow can keep the whole disc in a hot (ionized) state, preventing the onset and propagation of a cooling front. Since the accretion rate is larger than the mass-transfer rate, and the mass of the hot disc can only change through central accretion onto the black hole, the light curve will show an exponential-shaped decline on the viscous timescale. Over time, the mass in the disc and central mass-accretion rate will decrease. When the dimming X-ray irradiation can no longer keep the outer regions of the disc in the hot (ionized) state (i.e. above the hydrogen ionization temperature T irr (R disc ) > 10 4 K), a cooling front forms and propagates down the disc, bringing the disc to a cold state.
At this point, the second phase of the decay begins, during which the speed of the propagation of this cooling front, and thus the timescale of the phase itself, is controlled by the temperature of the decaying irradiating X-ray flux. Here, the cooling-front inward propagation is hindered by irradiation. The farthest it can move inward is set by the radius at which T = 10 4 K. While the hot (ionized) zone of the disc will continue to flow and accrete, it must now gradually shrink in size as the central mass-accretion rate decreases (R hot ∼ M 1/2 1 ), leading to a linear-shaped decline in the light-curve.
Eventually, the central mass accretion rate will become small enough that X-ray irradiation will no longer play a role and the system will enter the final (thermal) decay stage. X-ray irradiation may also decline faster than the mass accretion rate when the inner disc switches to a radiativelyinefficient accretion flow with a smaller radiative efficiency η. At this point the cooling front will be allowed to propagate inward through the thin disc on a thermal-viscous timescale (where the speed of the front can be written as v f ∼ αc S ), where c S is the sound speed for T eff ∼ 10 4 K. Ultimately resulting in a steeper final dwarf-nova type decline in the light-curve down to the quiescent accretion level.
As detailed in Paper I, we have built an improved analytical version of this "classic" irradiated disc-instability model. Our version builds on the simple model of irradiated discs by King & Ritter (1998) , using the irradiation flux as set by Equation 1. This analytical model effectively characterizes the light curve profile of a transient LMXB using five parameters as follows,
where τ e is the viscous timescale in the hot (ionized) zone of the disc, τ l is the timescale of the irradiation-controlled stage of the decay, t break defines the transition time between viscous and irradiation-controlled stages, f t is the corresponding bolometric X-ray flux of the system at time t break , and f 2 represents the bolometric flux limit of the viscous stage of the decay, dependent upon the mass-transfer rate from the companion (− M 2 ) and source distance (d). See Powell et al. (2007) and Heinke et al. (2015) for full derivation of this analytical form and Paper I for a more detailed discussion on the development of this model. While the formalism developed by King & Ritter (1998) is simplified compared to other formalisms (e.g., Lipunova & Shakura 2000 , where the kinematic viscosity is allowed to vary with surface density and time), it remains unclear if the additional layers of complexity in a more detailed semianalytical model provide a correspondingly clearer physical insight. In addition, we continue using the King & Ritter (1998) formalism for continuity with Paper I.
The Bayesian Hierarchical Methodology
As detailed in Paper I, the viscous timescale τ e in the disc can be written in terms of the α-viscosity parameter (α h ), which describes the efficiency of angular-momentum and mass transport through the hot zone of the disc, compact object mass (M 1 ) and accretion disc radius (R disc ) such that,
This expression was used to constrain α in Paper I. Note that, as discussed in Paper I and shown in Dubus et al. (2001, see their Fig. 6 ), the central midplane temperature of the disc (T c ) is only weakly dependent on viscosity and Xray irradiation in irradiated discs, thus we can approximate its value as a constant.
The transition from the viscous to the irradiationcontrolled (linear) phase of the outburst's decay occurs when the irradiation temperature at the outer radius is T irr ≈ 10 4 K, the temperature at which hydrogen starts to recombine, since it is the outermost region of the disc that starts the transition to the quasi-neutral, cold state. Therefore we make use of the irradiation law of Equation 1 to obtain the value of C irr by assuming T irr = 10 4 K in
Here C irr depends only on the transition luminosity between these two stages of the outburst decay and the known measurements of compact object mass (M 1 ), binary mass ratio (q), and orbital period (P orb ). As these quantities are readily obtained from a combination of fitting X-ray outburst light curves with the analytical decay model (described in Paper I and Section 2.2) and a literature search (see Table 1 ), it is possible to derive observational constraints on the strength of the X-ray irradiation heating the outer regions of LMXB discs using a multi-level Bayesian statistical sampling technique.
Paper I describes in detail the development and (python) implementation of the Bayesian methodology we use to sample C irr effectively. In short, we have built a hierarchical model, a multi-level statistical model that makes use of a combination of known prior distributions and observational data to estimate a posterior distribution of a physical quantity effectively.
Together with Equation 5, we sample C irr using only the established binary orbital parameters (M 1 , q, P orb ) for a system as known priors and the observed X-ray light-curve data. From the light-curves we are able to measure the posterior distribution of the observed flux of the system at the transition between viscous and irradiation-controlled decay stages ( f t ). This quantity acts as the observational data in our hierarchical model.
APPLICATION TO THE BH-LMXB POPULATION OF THE GALAXY
Source and Outburst Selection
We have used the WATCHDOG catalogue (Tetarenko et al. 2016) to compile a representative sample of BH (and BH candidate) LMXBs in our Galaxy. This sample, consisting of 13 BH-LMXBs and 30 individual outbursts undergone by 
NOTE. -All binary parameters taken from the WATCH-DOG catalogue (Tetarenko et al. 2016) , with the exception of SwiftJ1357.2−0933 (Casares 2016) . The observed Galactic BH distributions from Tetarenko et al. (2016) and Ozel et al. (2010) are used when no acceptable estimates of BH mass M 1 or binary mass ratio q are available in the literature. A distance of 8kpc is assumed when no distance estimates exist in the literature.
these sources, includes only those systems with a known P orb that have underwent at least one outburst since 1996. Tables 1 and 2 display binary parameter information, outburst information, and data availability for our source/outburst sample. bursts in our sample, from the literature. See Table 2 for details.
Mining X-ray Light-Curves of the Galactic Population
All RXTE/PCA, Swift/XRT, and MAXI/GSC lightcurves were extracted in the 2-10 keV band. Following Tetarenko et al. (2016) , individual instrument count-rates were then converted to flux by using crabs as a baseline unit and calculating approximate count rate equivalences. Count-rates from Chandra/ACIS-S, Chandra/HRC-S, and XMM-Newton/EPIC were converted to flux in the 2-10 keV band using PIMMS v4.8c 4 and spectral information available in the literature. Lastly, all 2-10 keV band flux lightcurves were converted to bolometric flux light curves using a combination of the bolometric corrections estimated for each BH-LMXB accretion state by Migliari & Fender (2006) and WATCHDOG project's online Accretion-State-By-Day tool 5 , the latter of which provides accretion state information on daily timescales during outbursts of BH-LMXBs. 53742.7 +1.1 a Class of the outburst describing how confident we are in the fit given the available data. See Section 4.2 for a detailed explanation for each individual outburst. b from Paper I. c Upper and lower limits on C irr are calculated in the cases of pure linear decays by assuming f t is the maximum observed flux and pure exponential decays by using the minimum observed flux, respectively.
For a detailed account of the complete data reduction and analysis procedures used refer to Paper I.
RESULTS
X-ray Light Curve Fitting
By fitting the decay profiles found in our sample of BH-LMXB X-ray light curves with the analytic irradiated disc instability model described in Paper I and Section 2.2, we can derive the flux level at which the transition occurs between the viscous and irradiation-controlled decay stages in a light-curve. We find this transition flux found in BH-LMXB light-curves to occur between ∼ 3.6 × 10 −11 − 1.3 × 10 −8 erg cm −2 s −1 (for models whose fits we classified as trusted -Class A; see Table 3 and Section 4.2).
All fitting was performed in logarithmic bolometric flux space, as opposed to luminosity space, to avoid the possibility of correlated errors resulting from uncertain distance estimates. Uncertainties in the distance (as well as other binary parameters) are incorporated within the Bayesian Hierarchical model itself. Secondary maxima and other rebrightening events that can contaminate BH-LMXB decay profiles are removed by hand before fitting occurs. Removing such events has been found to have no effect on either of the characteristic timescales derived from the X-ray light-curves.
All 23 fitted X-ray light-curves are presented in panels of Figure A1 . Each light-curve has been plotted in logarithmic space on the main axis. In addition, a small zoomed-in inset, displaying the outburst in linear space, is also included. Data in each figure has been colour-coded by instrument: RXTE/PCA (purple), Swift/XRT (blue), MAXI/GSC (green), Chandra/ACIS-S and Chandra/HRC-S (pink), and XMM-Newton/EPIC (orange). All data not included in the fits (including the outburst rise and rebrightening events) are displayed in translucent versions of these colors. Shaded background colours show accretion state information of the source, computed with the WATCH-DOG project's Accretion State-by-Day tool (Tetarenko et al. 2016) , throughout the outburst on a daily timescale.
A sizeable fraction of BH-LMXB outburst light-curves in our sample do not display simple "clean" decays. In fact, of the 30 outbursts in our sample, 23% (7/30) exhibit complex variability, in the form of multiple intermediate flares and decays, throughout the individual outbursts themselves. While 50% (15/30) show a combination of exponential plus linear decays, 20% (6/30) show pure exponential decays and 7% (2/30) show pure linear decays. We reiterate that one should by no means assume that the standard disc-instability picture governs the complex variability observed in the form of intermediate flares/decays. As our analytical decay model is too simple to draw any conclusions about the cause of this complex variability, we do not fit or include these outbursts that exhibit "complex variability" (marked by a "*" in Table 2 ) in any further analysis presented in this paper. Instead, we review possible causes of this behaviour in the discussion.
The Outburst Light-Curve Sample
In Table 3 , each outburst in our sample has been assigned a class (A, B, or C) to indicate how confident we are that the best fit preferred by our algorithm accurately describes and constrains the outburst light-curve behaviour. We define these three classes as follows: (A) the data clearly constrain the shape of both the viscous (exponential) and irradiationcontrolled (linear) stages of the decay, as well as the transition point between these two stages; (B) While the data clearly indicate an exponential or linear decay type, missing data in the early (near the outburst peak) or late (in the irradiation-controlled decay) stages of the outburst introduce uncertainty in the fitted transition flux or irradiationcontrolled decay timescale; (C) Due to insufficient data available, we cannot be confident in our identification of the decay type, or other fit parameters. In the following paragraphs, we explain our reasoning behind our classifying individual outbursts as Class B or C. -64 (1997/1998) : (Class C) While the algorithm prefers a pure linear fit, the limited data for this outburst does not clearly discriminate between a linear or exponential fit. The 2015 outburst of this source (for which we have relatively complete coverage of both the rise and viscous decay stage) peaks at a similar flux level to the first available data of the 1997/1998 outburst. Stochastic variability in an exponential decay may have led our algorithm to select a pure linear decay instead. -64 (2015) , GX339-4 (2013) , and XTEJ1550-564 (2001): (Class B) We have good coverage of the rise and viscous portion of the decay in these outbursts. While this is sufficient to derive a viscous timescale (see Paper I), we do not observe the transition to the irradiation-controlled decay. Thus, our transition flux estimates cannot be considered reliable.
GS1354
GX339-4 (1996-1999): (Class B) While we have no coverage of the outburst peak, sufficient data is available from the later stages of the viscous decay through to quiescence. Thus, we are confident in the fitted transition flux and irradiation-controlled decay timescale. We note that even though we are missing the outburst peak, comparison to other outbursts of the same source with more complete data coverage validates the fitted viscous timescale and value of α-viscosity derived from it (see Paper I).
GX339-4 (2008 and 2009): (Class B)
In both of these outbursts we have good data coverage of both the rise and a significant portion of the viscous decay, allowing for an accurate fitted viscous timescale. However, both light-curves display a significant data gap later in the viscous decay stage. It is possible that the source could have decayed to quiescence and exhibited a reflare during these gaps, bringing the validity of the fitted transition flux calculated by our algorithm into question. -4 (2014/2015) : (Class B) We have good coverage of the rise and viscous portion of the decay in this outburst, and thus an accurate fitted viscous timescale. However, stochastic variability (e.g. secondary maxima) occurring around the transition between viscous and irradiation-controlled decay stages introduces uncertainty in the transition flux found by our algorithm. Further, clear structure is seen in the residuals during the late stages of the decay. Fitting synthetic model light-curves, which include the effects of disc evaporation (see Section 5.2), with our analytical algorithm, we encounter similar residual behavior. We postulate that the steeper decline seen in the data may be the result of the inner disc transitioning to a radiatively inefficient accretion flow, an effect not taken into account in our analytical algorithm. -194 (2011/2012) : (Class B) We have good coverage of the rise and viscous decay, then a data gap, after which the source is brighter than before the gap. It is unclear whether the transition to quiescence at the end of our data can be associated with the initial viscous decay, or whether the source would have transitioned to quiescence during the data gap, in the absence of the rebrightening episode. -26 (2012 -26 ( /2013 -26 ( ) and XTEJ1650-500 (2001 -26 ( /2002 : (Class B) We have sufficient data coverage during the rise and initial portion of the viscous decay stage, allowing for our algorithm to determine a viscous timescale from these light-curves. However, the irregular flaring behaviour seen in these outbursts (e.g. Yan & Yu 2017) requires the removal of much of the later data to fit an appropriate decay curve. The choice of which data to include is subjective and affects the final fitted parameters (transition flux and irradiation-controlled decay timescales) of these outbursts.
GX339
MAXIJ1836
SWIFTJ1745
XTEJ1118+480 (2005): (Class C)
We have only 11 data points in this decay. Although these are best-fit by an exponential decay, this conclusion is very uncertain. Furthermore, the best-fit decay from our algorithm generates an extremely low transition flux. These lead us to suggest that this decay is actually an irradiation-controlled decay and that this outburst completely lacks a viscous decay. 
The Irradiation Constant (C irr )
Using our Bayesian hierarchical methodology (as described in Paper I and Section 2.3), we have sampled the strength of the X-ray irradiation heating the outer regions of BH-LMXB discs, parametrized with the irradiation constant C irr . For the 15 outbursts in our sample that display the full exp+lin decay profile, we derive 3 × 10 −3 < C irr < 30. See Figure 1 , Figure 2 , and Table 3 .
In Figure 1 , we see that most, but not all of the systems with C irr > 1 (i.e., the most unphysically high C irr ) are associated with long-period systems. Similarly, most, but not all, systems with C irr > 1 underwent failed outbursts. However, there are at least two long-period, failed outburst systems that do not have unphysical C irr . On the other hand, in Figure 2 , we see that systems with C irr > 1 can occur in systems that are more strongly (α ∼ 1) and less strongly (α ∼ 0.2) transferring angular momentum, regardless of the accretion state transitions made during the outburst. Future work on larger samples will be needed to test if long-period, failed outburst systems continue to dominate the systems where our Bayesian methodology predicts unphysically high C irr .
DISCUSSION
The light-curve profiles of BH-LMXB systems
We have found 15 outbursts that display the full exponential+linear shaped decay profile and thus allow us to determine C irr from the transition luminosity. We find values that are typically a factor ∼ 5 higher than the expected value, C irr,expected ∼ 5 × 10 −3 . Such values can arise if the albedo of the disc is low and if the intercepted fraction is high, both of which might result from an irradiation source that is large and causes X-rays to impinge on the disc vertically (e.g. via a corona). A value of C irr ∼ 3 × 10 −2 would still be compati-10 -4 10 -3 10 -2 10 -1 10 0 10 1 10 2 ble with the stability limits between transient and persistent LMXBs (Coriat et al. 2012 ).
However, we also find unphysical values of C irr > 1 in 4 outbursts and values >0.1 in 2 outbursts. The latter stretch credibility as they require an unrealistically high fraction of the X-ray flux to be reprocessed. In three cases (panels h, k, l of Figure A1 ) the transition luminosity is essentially set by the last flux measurement in the lightcurve. At worst, we have an upper limit on the transition luminosity, hence a lower limit on C irr . This issue is not the case for the others, where the transition can be traced very well in the data. It is interesting to note that the most physically unrealistic values of C irr occour in the largest-orbital-period systems.
We could overestimate C irr for a variety of reasons in the context of the model that we applied to the data: because we underestimate the distance (hence L X ); because we underestimate the irradiation flux (e.g. if there is a large FUV contribution that is not accounted for); and because we overestimate the disc radius. We consider that these issues may lead to corrections of O(1) but are unlikely to explain values of C irr reaching 20, more than 1000 times the expected value.
We also find that the linear decay timescale τ l and the exponential decay timescale τ e differ significantly in some cases, whereas both should be comparable according to the model of King & Ritter (1998) . This model implicitly assumes that the viscosity does not depend on the radius within the hot region of the disc. This assumption is unlikely to be realized since the disc is close to a steady-state Shakura & Sunyaev (1973) disc in this region, for which ν ∝ R 3/4 (see e.g., the physical model for non-stationary viscous α-discs from Lipunova & Shakura (2000) and its application to observations in Suleimanov et al. 2008 and Malanchev 2017) . In addition, α h might be a function of radius (Coleman et al. 2016) . In this case, τ l will change slightly compared to τ e and lead to a more complex relationship of M with time. The effect of mass loss via a wind in the hot region is also likely to change τ l . However, in these cases, toy-model calculations lead us to expect differences of O (1) between τ e and τ l , whereas differences of O(10) are found in Table 3 , notably when C irr is high.
The standard DIM interpretation of the linear-shaped portion of the decay profile is the result of a cooling front propagating inward through the disc at a speed controlled purely by the decaying X-ray irradiating flux. This model is most likely an oversimplification. Realistically, the ways in which these discs are irradiated are complicated by a number of factors. Some possible explanations to explain the lightcurve profiles we observe are as follows:
At some point in the outburst decay, the inner disc switches from a radiatively efficient thin disc to a radiatively inefficient corona (i.e. an advection dominated accretion flow; ADAF). The radiative efficiency η will decrease with time, whereas it is assumed constant in the model. The transition radius (between these accretion flows) will also move outward as the inner thin disc evaporates (Liu et al. 1999; Menou et al. 2000) , on a timescale that may be comparable to the cooling front propagation timescale. This change differs from the model we use where the inner radius of the thin disc is assumed constant. A transition radius that propagates outward will terminate the decay prematurely and result in a small τ l (Dubus et al. 2001 ).
The irradiation geometry may not be constant during outbursts, due to changes in a disc warp or to properties of the X-ray corona (leading to C irr changing during outburst; Esin et al. 2000a) . A major change would be if the source of irradiating X-rays is not at a distance R but is much closer to the reprocessing site (for instance if the Xrays are produced in the corona directly above the disc), leading to a measured C irr > 1 given our definition. This implies the size of the X-ray emitting region would have to be comparable to the size of the optical emission region. We consider this unlikely since most of the energy dissipation in the accretion flow naturally occurs close to the compact object. Furthermore, the irradiation flux would not be decoupled from the local conditions, contrary to what is assumed in the model of the linear decay.
Spectral state transitions observed during outbursts (e.g. McClintock & Remillard 2006) may change the amount of X-rays absorbed by the outer disc, either because the geometry changes (for instance, because the inner thin disc gives way to a geometrically thick disc, or the size of the corona changes, or an X-ray emitting jet structure appears) or because harder X-rays deposit heat deeper in the disc, thus leading to a temporally varying C irr . However, there is no clear relation between the X-ray state and the value of C irr in the systems investigated here ( §4.3).
Heating of the outer disc by tidal heating of the expanding disc or by the stream impact of incoming material may keep the disc hot longer (Buat-Ménard et al. 2001) , especially if the mass transfer rate from the companion is enhanced during outburst (Augusteijn et al. 1993; Esin et al. 2000b) .
A disc wind with the ability to remove a significant portion of disc mass throughout the outburst decay could affect how M changes with disc radius and, therefore, how L X evolves with time (see e.g. Cannizzo 2000 ). In our model here, we assumed M was constant with radius in the hot region. In Paper I, we found strong evidence for disc winds throughout the outbursts, due to the unusually short viscous timescales (high α) we observe in the light-curves. There is some evidence that high values of C irr are correlated with high values of α (Figure 2 ).
More generically, the transition luminosity that we are fitting might not be produced by a transition between an exponential and a linear (irradiation-controlled) decay. Instead, the transition luminosity may be produced by some other physical process going on in the disc or X-ray emission region, unrelated to the DIM (e.g. a change in how large-scale magnetic fields diffuse, or in rotational energyextraction from the black hole, etc). In (at least) a quarter of our systems, some other physics must be altering the later parts of the lightcurves. However, the observed exponential decay is a robust feature of a fully-irradiated disc accreting on a viscous timescale. Hence the results presented in Paper I are unaffected by the issues raised above.
The 2002 outburst of 4U 1543−564 is the only outburst (of the 15 in this paper) where C irr has been estimated previously. Comparing the optical/near-infrared and X-ray lightcurves, Lipunova & Malanchev (2017) find C irr < 6 × 10 −4 , which is in conflict with our measurement of C irr = 1.16 +0.99
. This is one of the sources where we find a linear decay timescale τ l and the exponential decay timescale τ e that differ significantly. While this may point to an issue with the simplifying assumptions in King & Ritter (1998) , this outburst remains difficult to fit when the formalism of Lipunova & Shakura (2000) and Lipunova & Malanchev (2017) is adopted. Lipunova & Malanchev (2017) attempted to fit theoretical lightcurves to the outburst: either L bol ∝ t −10/3 for a viscous decay (our "exponential" decay) or L bol ∝ (t − t end ) 40/13 for an irradiation-controlled decay (our "linear" decay), where t end is the time the source returns to quiescence. Although they found an acceptable solution for the latter, they only fit to X-ray data taken within ∼ 30 days of the peak X-ray flux. The X-ray data continue another ∼ 30 days. While we can reproduce their fit when only ∼ 30 days of X-ray data are included, a pure irradiation-controlled decay cannot fit the entire lightcurve decay. This demonstrates the need for a more-detailed comparison (which is beyond the scope of this paper) of how different formalisms fit existing data, as well as how different formalisms can or cannot constrain α and C irr based on X-ray lightcurves alone.
Comparison of our Bayesian Methodology with Numerical Disc Codes
Given the occasional high values of C irr that we measured in Section 4.3 and the potential issues regarding the simplifying assumptions that we discussed in Section 5.1, we investigate here how our Bayesian statistical methodology compares to numerical disc codes that were built to simulate accretion flows in binary systems. We have applied our method to a set of synthetic light-curves computed with the code described in Dubus et al. (2001) , which uses the same description of the irradiation flux that we used. This code is developed from the numerical scheme of Hameury et al. (1998) , adapted to include irradiation heating from Dubus et al. (1999) and inner disc evaporation (Menou et al. 2000) . Using this code we have run 46 individual disc models that cover the large BH-LMXB parameter space well. These models vary from 4 M < M 1 < 15 M , 3 × 10 10 < R disc < 1 × 10 12 cm, 0.1 < α h < 1.0, and 0.005 < C irr < 0.1. By reversing the direction of our Bayesian hierarchical methodology, we gain the ability to predict a light-curve profile. In this case, the known priors used are M 1 and R circ (specified for each code run) and q, taken as a uniform distribution between the minimum and maximum of the known values of q for all dynamically confirmed BHs in the Galaxy. The "backwards" Bayesian hierarchical methodology then uses these known priors in combination with known disc/system properties (α h , C irr , − M 2 ) specified for each code run, to sample the remaining parameters (τ e , τ l , and L t ) that our analytical irradiated disc instability model needs to describe a LMXB light-curve profile. For a detailed description of the implementation and use of our Bayesian hierarchical model, see Paper I.
In 34 of the 46 runs, the heating fronts reach the outer edge of the discs. At the peak of each outburst in these runs, the entire disc is in the hot, ionized state (i.e. R h = R disc ). Thus, (as expected) we observe the characteristic exp+lin shaped decay profile. In the remaining 12 runs the heating fronts do not reach the outer edges of the discs due to weaker irradiation. As R h < R disc in these cases, the synthetic light-curves exhibit only a pure linear-shaped decay. Unfortunately, in these cases, where the heating front does not reach the outer edge of the disc, we are not able to predict the light-curve profile with the "backwards" Bayesian hierarchical methodology.
Taking into account only the runs in which the characteristic exp+lin shaped decay profile is observed, we find that the 1σ confidence intervals for the lightcurves generated by the"backwards" Bayesian methodology include the synthetic model light-curve output by the numerical code in 74% (25/34) of the runs. Figure A2 , in the Appendix, display light-curve comparison plots for a representative sample of disc models we have run, demonstrating how our Bayesian hierarchical methodology matches the light-curve profile predicted by the numerical code.
For each model, the "backwards" hierarchical methodology samples τ e , τ l , and L t . These parameters can then be used to estimate α, and C irr using the same method we used on the observed data. In Figures 3-5 , we display correlation plots, comparing the three light-curve parameters (τ e , τ l , and L t , where the latter corresponds to f t at a known distance) derived from our Bayesian methodology to the same set of parameters predicted by the disc code. Here, each disc model run has been colour coded, with green and red representing those runs in which we effectively match and cannot match the model light-curves to within 1σ confidence intervals, respectively. For the well-matched light curves, individual values of L t are within 1 (9/25) -2 (24/25) σ of the model values; we typically underpredict L t by a factor of ∼ 2. Similarly, individual values of τ e are within 1 (12/25) -2 (24/25) σ of the model values; we typically overpredict τ e by a factor of ∼ 1.2. We have more difficulties reproducing values of τ l : 8, 12, and 16 out of 25 models are within 1, 2, and 3 σ of the model τ l values, respectively. Here, if we correct for our underpredicting τ l by a factor of ∼ 1.5, we get much stronger agreement: 10 and 24 models are within 1 and 2 σ of the model τ l , respectively.
Our slight overprediction of τ e might suggest that the intrinisic α may be slightly higher than that we measured in Paper I. This highlights that we were conservative there, even when claiming high values of α. We also note that the values of the α-viscosity in the hot disc (α h ) used to create the synthetic light-curves in each of the well-matched code runs are enclosed within the one-sigma confidence interval of the value of these parameters implied by the "backwards" Bayesian methodology in 24/25 cases (the other is within the 2 σ confidence interval).
While we underpredict L t by a factor of ∼ 2, this does not strictly transfer to our having overpredicted C irr by a factor of ∼ 2, as might be implied from Equation 5. In our Bayesian approach, we do not have a strong constraint on R disc . And in fact, our Bayesian values of C irr are a factor of ∼ 2 lower than the model's input value. Since R disc is sampled from a uniform distribution between the circularization radius R circ and outer disc radius R max , R disc,median ≈ R max /2). Given Equation 5, this explains how we can both underpredict L t and C irr . Because of the large range in the R disc prior, all but one of the 1 σ confidence intervals for C irr from the Bayesian approach include the model value of C irr .
We note that correcting for our underprediction of C irr exacerbates the issue of too-high C irr values we report on in this paper. The large (and sometimes unphysical) values of C irr that we are deriving via our Bayesian methodology are likely caused by a physical mechanism in the binary systems themselves.
Analyzing the 26% (9/34) of the runs that are unable to reproduce the model light-curves from the code, we find that our Bayesian methodology has trouble dealing with strong irradiation (0.01 < C irr < 0.1), when combined with large discs (R circ > 1 × 10 11 cm) and large viscosities (α h > 0.7). We postulate that a possible explanation for this could stem from the fact that our Bayesian method is underestimating the increase in outburst duration that should happen, as a result of the delay in cooling-front propagation allowing more mass to be accreted, when irradiation is stronger. It remains unclear why our Bayesian method underestimates the timescale of the linear-shaped portion of the decay in these cases.
SUMMARY
The X-ray light-curves of the recurring transient outbursts occurring in LMXBs encode within them the physics behind the mechanisms driving mass inflow and outflow in these binary systems. We have developed an algorithm that effectively links the disc-instability picture (including irradiation) to observations of real accretion discs. This algorithm characterizes a light-curve profile into definitive stages based on observable properties (i.e. timescales, flux) describing how matter moves through LMXB discs throughout an outburst.
We have tested this method against model light-curves calculated under the assumptions of the disc instability model, including irradiation and evaporation. We reproduce (to within 1σ confidence) the model light-curves derived from the numerical code for 74% of the disc models we ran, only having trouble reproducing specific models involving a combination of very strong irradiation, large discs, and large values of the α-viscosity parameter. We note that, with only the knowledge of the peak outburst flux/luminosity required, our Bayesian methodology can predict the outburst decay profile, and thus, may prove a tool to aid ongoing observational monitoring campaigns of X-ray binaries at optical through X-ray wavelengths. Applying this Bayesian methodology to a representative sample of X-ray light-curves from outbursts occurring in BH-LMXBs, we have derived observational constraints on the efficiency of the angular-momentum transport process (α-viscosity; presented in Paper I), and the strength of the X-ray irradiation heating (parametrized by C irr ) , in the outbursts of LMXBs according to the DIM (this paper). We find that the strength of the X-ray irradiation parameter, describing the heating of the outer regions of the discs in these systems, lies in the range 3 × 10 −3 < C irr < 30. Values of C irr ≥ 1 are clearly unphysical. The outburst decay profile is predicted to show a final, linear-shaped stage, due to a cooling front propagating inward through the disc, at a rate controlled by the amount of irradiation heating. We conclude that our modeling of this stage inadequately describes part of our sample of BH-LMXB outburst lightcurves. We suggest that the varied light-curve morphology we observe proves that the late-time evolution of the disc is more complex than linear (a dependence that has been obtained using strong simplifying assumptions). It also provides indirect evidence for the existence of a temporal and spatially varying X-ray irradiation source heating the discs in these systems. More likely, given the high values of C irr , it suggests that the lightcurve morphology, beyond the exponential decays that are well-accounted for by a viscouslyaccreting fully-irradiated disc, involve a variety of physical mechanisms of which irradiation is only one. In particular, Bayesian log(L t ) (erg/s) match no match Figure 5 . Correlation plot for the transition luminosity in the disc (L t ), comparing the predicted value (from the numerical code) to the Bayesian value (from our methodology). Error bars show the 1σ confidence interval from our Bayesian methodology. Colours are the same as in Figure 3 . The black dotted line represents the 1-to-1 line on the plot.
mass loss through inner disc evaporation to a radiativelyinefficient structure or through a magnetized disc wind may play a prominent role in shaping the outburst lightcurves, a significant change in paradigm. To begin to understand the evolution of accretion disc structure and the geometry of the X-ray irradiating source heating the discs through the course of a LMXB outburst, it is clear that we require a method that is (i) not limited by the complexity of light-curve morphology observed (e.g. can deal with variability on a range of timescales), or is (ii) tied directly to the simplifying assumptions of the DIM. Possible future avenues of investigation to effectively tackle this complex, multi-scale problem include: making use of simultaneous, multi-wavelength, time-series data sets and phaseresolved spectroscopic data. For example, one could use the observed UVOIR spectral energy distribution (SED), at different times during an outburst, to model the irradiated disc in the binary system, with the goal of trying to understand the time-series evolution of the X-ray irradiation heating the disc in the system (e.g. Hynes 2005 , Russell et al. 2006 , Gierliński et al. 2009 , Meshcheryakov et al. 2018 ). Another possibility is to make use of a combination of optical and Xray light-curves of these systems. Here, constraints on C irr can be derived by computing the fraction of X-ray emission needed to be reprocessed to explain the observed optical luminosity (e.g., see Suleimanov et al. 2008; Lipunova & Malanchev 2017) . A third possibility involves using the correlation between X-ray and optical variability often observed in LMXBs to understand physical properties of the different components (i.e. disc vs. corona) that make up the accretion flow in LMXBs. These properties include the size of the emitting regions, and the characteristic timescales at which matter moves through different regions of the accretion flow (e.g. Malzac et al. 2003; Hynes et al. 2004; Veledina et al. 2017; Gandhi et al. 2017) . Figure A1 -continued X-ray outburst light-curves for our BH-LMXB sample. Error bars are individual instrument statistical uncertainties only. The inset axes shows the data on a linear scale. Red arrows indicate where the transition between viscous and irradiationcontrolled decay stages occurs (where applicable). Background shaded colours show the accretion state(s) of the source, computed from the WATCHDOG project (Tetarenko et al. 2016) , throughout the outburst: blue = hard, yellow = intermediate, red = soft. The best fit analytical model is represented by the solid black line and residuals are presented in the lower panel of each figure. Coloured circular markers represent data from individual X-ray instruments: XTE/PCA (purple), Swift/XRT (blue), MAXI/GSC (green), Chandra/ACIS-S and Chandra/HRC-S (pink), and XMM-Newton/EPIC (orange). Translucent data markers indicate portions of the outburst not included in the fit (e.g. the rise of the outburst, flares and re-brightening events). 
